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In this work a theoretical analysis is presented for the problem of peristaltic transport of an in-
compressible Oldroyd 3-constant fluid in an infinite channel with flexible walls. The flow is induced
by an infinite sinusoidal wave train moving along the walls of the channel. The fluid is electrically
conducting and a magnetic field has been applied transversely to the flow. This problem has numer-
ous applications in various branches of science. A perturbation solution of the stream function for
zeroth-, first- and second-order in a small amplitude ratio is obtained. The obtained results are illus-
trated graphically to show salient features of the solutions. The effect of the magnetic parameter, the
relaxation time and the retardation time on the mean axial velocity and the reversal flow is investi-
gated. It is found that the possibility of flow reversal increases by increasing the magnetic parameter
and viscoelastic parameters. The results show that the values of the mean axial velocity of an Oldroyd
3-constant fluid are less than these for a Newtonian fluid. Numerical results are reported for various

values of the physical parameters of interest. — Mathematics Subject Classification: 76Z05.
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1. Introduction

The problem of the mechanism of peristaltic trans-
port has attracted the attention of many investigators
since the first investigation of Latham [1]. Peristal-
sis is a kind of fluid transport induced by a progres-
sive wave of area contraction or expansion along the
walls of a distensible duct containing liquid. This kind
of fluid transport appears in many biological organs
such as lower intestine, gastrointestinal tract, cervi-
cal canal, female fallopian tube, lymphatic vessels and
small blood vessels. Also, peristaltic transport occurs
in many practical applications involving biomechan-
ical systems such as roller and finger pumps. Jaffrin
and Shapiro [2] presented a review of much of the
early literature. They explained the basic principles of
peristaltic pumping and brought out clearly the sig-
nificance of various parameters governing the flow. A
summary of most of the investigations, reported up to
the year 1983, has been presented by Srivastava and
Srivastava [3]. The important contributions of recent
years to the topic are referenced in the literature [4-7].
Most theoretical investigations have been carried out
for Newtonian fluids, although it is known that most
physiological fluids behave like non-Newtonian flu-

ids. In this regard there is only limited information on
the transport of non-Newtonian fluids. The main rea-
son is that additional non-linear terms appear in the
equations of motion rendering the problem more dif-
ficult to solve. Another reason is that a universal non-
Newtonian constitutive relation that can be used for all
fluids and flows is not available. The earliest ones date
back to Raju and Devanathan [8,9]. They considered
the motion of an inelastic power-law fluid and of a
special viscoelastic fluid of differential type of grade
two through a tube with sinusoidal corrugation of small
amplitude propagating in the axial direction. Bohme
and Friedrich [10] have investigated the peristaltic flow
of viscoelastic liquids under assumptions that the rele-
vant Reynolds number is small enough to neglect iner-
tia forces, and that the ratio of the wave length and the
channel height is large, which implies that the pressure
is constant over the cross-section. Mernone et al. [11]
have considered the peristaltic flow of rheologically
complex physiological fluids when modelled by a non-
Newtonian Casson fluid in a two-dimensional channel.
Misra and Pandey [12] have studied the peristaltic flow
of blood in small vessels by developing a mathematical
model in which blood has been treated as a two-layer
fluid. Various authors [13—16] considered an Oldroyd
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3-constant model in the absence of peristaltic motion.
The study of hydromagnetics goes back to Faraday
who predicted induced currents in the ocean due to
the earth’s magnetic field. The presented analysis is
of interest because the theoretical study of magnetohy-
drodynamic channel flows has widespread applications
in designing cooling systems with liquid metals, mag-
netohydrodynamic generators, accelerators and in the
movement of conductive physiological non-Newtonian
fluids, e. g., the blood and blood pump machines. The
influence of a magnetic field may be utilized as a blood
pump in carrying out cardiac operations for the flow
of blood in arteries with arterial disease like arterial
stenosis or arteriosclerosis. Another important field of
application is the electromagnetic propulsion. Basi-
cally, an electromagnetic propulsion system consists of
a power source, such as a nuclear reactor, a plasma, and
a tube through which the plasma is accelerated by elec-
tromagnetic forces.

The aim of the present paper is to study the ef-
fect of the magnetic parameter, the relaxation time
and the retardation time on peristaltic transport of an
incompressible Oldroyd viscoelastic electrically con-
ducting fluid. Such work seems to be important and
useful because attention has hardly been given to the
study of Oldroyd fluids. Also, some non-Newtonian
models take into account normal stress differences and
shear-thinning/thickening effects, but lack other fea-
tures such as stress relaxation. In our analysis, we as-
sumed that the velocity components and the pressure
gradient could be expanded in a regular perturbation
series of the amplitude ratio. The non-linearity of the
equations of motion is taken into account. As the mag-
netic parameter, the relaxation time and the retardation
time tend to zero, the analytical results reduce to the
well-known case of a Newtonian fluid in agreement
with Fung and Yih [17].

2. Basic Equations and For mulation of the
Problem

We consider a two-dimensional channel of uniform
width 2d filled with an incompressible Oldroyd vis-
coelastic electrically conducting fluid. We assume an
infinite wave train travelling with velocity ¢ along the
walls (see Fig. 1). The continuity equation, the equa-
tion of motion and the Maxwell equations governing
the flow of a magnetohydrodynamic incompressible
Oldroydian fluid are

divV =0, 1)
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divB=0, curlB=yumJ, curIE:—E, 3)

where V = (u(x,y,t),v(x,y,t),0) is the velocity field,
X the Cauchy stress tensor, J the current density, B the
total magnetic field, E the total electric field, um the
electric permeability and p the density. The general-
ized Ohm’s law is

J=0(E+V xB), (4)

where ¢ is the electrical conductivity. It is assumed,
following [18, 19], that there is no applied or polariza-
tion voltage, so that E = 0. Now we assume that a mag-
netic field B = (0, By, 0) with a constant magnetic flux
density By is applied in the y-direction. Regardless of
the induced magnetic field, it follows from (4) that the
magnetohydrodynamic force is

JxB=—-0Bjui. (5)

According to Oldroyd [20], the Cauchy stress tensor Z
for an Oldroyd 3-constant fluid is

= _Pl+5, (6)

where —PI is the spherical part of the stress due to the
constraint of incompressibility. The extra stress ten-
sor Siis defined by

S+ M (i—ts— LS—SLT> =

u <A1+7Lz (d(% - LA1—A1LT>) ;

where g—t is the material time derivative, u the viscos-
ity, A1 and A, are the material time constants referred

()
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to as relaxation and retardation time, respectively. The  following form:
tensor A1 is the first Rivlin-Ericksen tensor defined by
du ov
—+=5-=0, 9)
Ar=L+LT, (®) ox oy
. . ] ] ] Ju du du
where L is the spatial velocity gradient defined by P +U& +VW
L =grad V. It is assumed that A; > A, > 0. It should #P 9 3 (10)
be noted that this model includes the viscous Navier- =2 4 ﬁ + & GB(Z) u,
Stokes fluid as a special case for A1 = A, = 0. Further, ox = ox d
if A, =0 it reduces to a Maxwell fluid. For an unsteady v oV oV oP 39Sy Sy 1
two-dimensional flow we find that (1)-(8) take the p <§ U +V@> =T ox + oy (11)
0Sx . 0Sx = 0S«x Jau o\
S(X‘i‘ll (T‘FUW—F a—y—ZSO(&—ZSWa—y) =
BN T TR T 4
F1ox ™2 atox "o Vaay T “ox) Tay\ax Tay) |
0Sy 0Sy  dSy au au ov v\
Sle(W*“a—x*Va—y‘Swa—x‘SNa—y‘S“a—x‘%a—y = )
[%4_8_\/4_2/ [&4‘&4‘ uﬁ_"_vﬁ_a_u_a_\/ %_’_a_v _Za_ua_v_za_ua_vH
H dy ox 2 otdy = dtox OX dy odx 9y \dy ox oydy  oxoxll’
Sy dSy  JdSy ov v\
Syy‘i‘ll (T—FUW +Va—y—23(y$(—28yy@) =
o [ (20 Y Y (Y v o oo
Floy "2\ ooy Yooy Vo N\ oy) Tax\axTay) )|

Let the vertical displacements of the upper and
lower walls be n and —n, respectively. The geometry
of the wall surface is defined as

_ 2n ¢
N = acos 7 (x—ct),
where a is the amplitude, A the wave length and c the
wave speed. The horizontal displacement will be as-
sumed to be zero. Hence the boundary conditions for
the fluid are

(15)

u=0 and v:ia—n

= 16
S Aty +d+mn. (16)

0 1
§72W+ vy V2y — y V2 = R Smxy+3<y~,yy—3<yw<—5yy,y><} —M?yyy,

We introduce non-dimensional variables and para-

metersasfollows:x*:g,y*:%,u*:g,v*:(—:,t*:

AP peg 95 g dSy o

d:p _pczln _dv%_ ‘LLC, - qu -

d—%’y, amplitude ratio € = E, wave number o = @

uc d A
cdp

Reynolds number R= 7 magnetic parameter M2 =

do B(Z) C)Ll C}\Q

» and Weissenberg numbers w; = o Wy = o
In terms of the stream function y(x,y,t), after elimi-
nating P and dropping the star over the symbols, (10) -

(16) become:

a7

Soc W [ Soct + WySocx — YiSicy — 2o Sex — 2¥i S| =

2 [‘ny-f—WZ [nyt + Wy Wy — YWy — Z‘I’XZV_ Wy (Vyy — WXX)} } ’

(18)
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Sy +w1 [Sw,t + WySyx — WxSqy — VyySy + lI/><><3<><} =

d

0 0
2Woysy V2 + <1+W2 (5 TV~ wa>) (Wyy — W)

Sy W1 Sy + VS — ViSiyy + 2ioSy + 23Sy | =

-2 [ny+W2 [llfxyt + Wy Yoy — VWi + 2¥iy — Yaox(Wy — ‘/’XX)H ,

N =¢€ coso(x—t), (21)
with
w =0, yy=Faesino(x—t) at y==x1+n, (22)

where 72 denotes the Laplacian operator and the sub-
scripts indicate partial differentiation.

3. Method of Solution

If the parameter € is assumed to be small it can be
used to perturb the governing equations; see e.g. Van
Dyke [21] and Nayfeh [22]. A perturbation solution
valid for € <« 1 is constructed as

V=vyot+eyi+eyt. .., (23)

Jap\ _[dp ap ap
(3)=(5), (), 7= (5), 7 0o

So = Soo+€Sea + €S + -+, (25)
Sy =Sq0+€Sy1 +&% Sy + ..., (26)
Sy=Syo+eSy1+&’Sya+.... 27)

The first term on the right-hand side of (24) corre-
sponds to the imposed pressure gradient associated
with the primary flow, and the other terms corre-
spond to the peristaltic motion. Substituting (23) - (27)
into (17) - (20) and (22), and collecting terms like pow-
ers of &, we obtain three sets of coupled differen-
tial equations with their corresponding boundary con-
ditions in gy, €1, and &. The first set of differential
equations in gy represents the steady parallel flow and
transverse symmetry assumption for a constant pres-
sure gradient in the x-direction under the effect of a
transverse magnetic field:

_ 2K _sinth
Vo=Tz Y~ Tcoshr )’

(28)

(19)
(20)
R /dP
r=MVR K:—§<&)O. (29)

It can easily be shown that yy — K (y— y;) asM — 0,

which is the classical Poiseuille flow in the absence of
a magnetic field which agrees with the work of Fung
and Yih [17]. The last solution (28) is independent of
the viscoelastic parameters; this means that the flow at
this order is independent of the viscoelastic parame-
ters. The second and third sets of differential equations
in y1 and wy, with their corresponding boundary
conditions are satisfied by

vi(xyt) = (¢1 (y)e'“>*Y 4 o7 (y)e V) | (30)
$2(y)e'**Y 1 g3 (y)e 1) | (31)

)
1l )
Sa163.0) = 5 (e 1 g5 e 0V, (32)
2 (49105 (e V), 33)
)

_ (34)
+ 95(y)e e,
Sea(xy.t) = 3 (950(y) + gss(y)e? Y
. (35)
+ 93(y)e A,
Sz (X,y,t) = % <¢40(y) + Paa(y)eBx (D )
+ Qialy)e e,
= 1 2ior(x—t)
Spe(xy.t) = 3 (¢so(y) + ss(y)e -

+ 935(y)e A,

where, the asterisk denotes the complex conjugate.
Substituting (30)-(37) into the differential equations
and their corresponding boundary conditions in vy
and y» we get:
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. 2K coshI'y v 2 2iaRK coshI'y oy 2 2.
'aR<1—ﬁ<1—COST)>(¢1—0‘ ¢1)— ~osh t =i, —iod; — o3 —a“d3+RM ¢y, (38)

coshI” {(1 —iowi)I"?coshT™ 4 2iaw; K (coshT™ — costh)] ¢ =

{16iaw1K2(w1 —ws)I"sinhI'ycosh Iy + 40w, K I coshI” sinhry} o1

+2io [(1 —iawp) "% cosh? ™ + 8K?wy (Wy — wy) sinh? Iy + 2iacKw, cosh " (cosh I — coshI'y) | ¢; )
- [4KW1F coshTI'sinh Fy} 03 + [4K(2W2 —wy )T coshIsinh Fy} o7,
coshI” {(1 —iow ) coshI™ + 2iaws K (cosh I — costh)] 03 =
{(1 —iawp) "% cosh? I + 2iaew,K cosh ' (cosh I — costh)] o — [2w1K1" coshl” sinth] 04 .
+ [(oc2 +i0owy )2 cosh? I 4 80K 2wy (Wy — W) sinh? Iy + 2iot(wy —wi )KI2 cosh " coshI'y o
+2i*Kw, coshI"(coshI” —cosh Fy)} & — {Ziawz KT coshI"sinh Fy] 01,
[(1 —ioowy )2 coshT™ + 2iaw; K (cosh T — costh)] 04 = .
- [4a2Kr(w1 —wz)sinhry} o1 — 2ic [(1 —iawp)I2coshI” + 2ioow, K (coshI” — coshT'y) | 91, )
with
o (£1) ==+1, ¢1(£1) = 2K, (42)
and
oy~ R0t = %% (6501 — 103" 3)
[21" coshF} ¢30 = iawy I"coshI” [3¢{¢2* —3020%1 — 9207 + ¢1¢2*’}
—~awT"cosh " [o2(916;" + 61 91 +39101") + 91/61"| — [BKwa sinh Iy | 6xg (44)
— 2wy coshT” [(pg(pf” + 03 ¢>{’] - [SK(W1 — 2wy)sinh ry] o
2T cosh ™[ guo — 9% | = Wil coshT"[0407" + 0361 + 02(6105 + 9265 )|
2iodwoI coshT” [q)l of — q){q)l*} - [4le sinh ry} 050 (45)
—iaT" coshT" [wa (9107 — {07) + i (397 — 0193)]
2050 = icrws [ 0605 — 07 01] +20%ws 9105 — 07 9s] — 40Pws [0{05 + oP0n01], (46)

with

Pl 1) = KF 3 (60(+ 1)+ 0"(+ 1)), (@)
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and

2K coshI'y ” 2 8aRKcoshl'y .
4aR[l— 2 (1_ coshl” N [(DZZ ~d ¢22] T eshr 2= (48)

OR| 9]0 — 9101 | — 4064+ 2i0]s + B ua + dordhs — 2IRMZ 0%,
2coshI” [FZ coshI” — 2iowy (I'? coshI” — 2K (coshT™ — coshT'y)) | ¢z =
T2 cosh® I" ioows (9163 + 6192) — 2w 936 |
+8ia {FZ cosh? I ++8K2wj (wy —wy) sinh? I'y— 2iaew, ("2 cosh? ' — 2K (cosh? I" —cosh I" cosh I“y))} 03, (49)
—8K (Wy — W) {F coshI"sinh Fy] 03, + 2WoI"? cosh® " [(xquiz — (1){’2} — [8KW1F coshI"sinh Fy] o
+4a [16iK2FW1 (W1 —Wa)sinhI"ycosh Iy + 8K I'w; cosh I"sinh I“y] 022,
2coshI” [FZ coshI” — 2iows (I coshI” — 2K (coshI” — cosh Fy))} Oa4 =
W2 cosh? T [iex(91.64 — 6195) + 6491 + 2915 | + icewoT2cosh " [3910{ — 191" — 202144
- [16iaKw2F coshI"sinh I“y] 059 — [4KW1F coshI"sinh Fy} 55 “
+ [(2 — 4ioowp) 2 cosh? I — 16iocKwaI” cosh I sinh I'y + 8iccKw, cosh I" (cosh I — costh)] 0y o0
+8ia [8OCK2W1 (W —ws)sinh? 'y — Kwi "2 cosh I" cosh I'y — i(1 — 2iows ) ol % cosh? I
+Kw,I'2coshI" coshI"y + 4a:2Kw, cosh I" (cosh I” — cosh Fy)] 022,
2coshI” [FZ coshI” — 2iows (I coshI” — 2K (coshI” — cosh Fy))} 55 =
I?cosh? I [ 202wy (3917 — 26191 — 2?07) + iws (6194 — 3014 — 2iecgids)| — [Bial 2cosh® |3, (51)

— [32a2K(w1 —ws)I"coshI"sinh I“y] 22 — 16020, [F2 cosh?I" — 2K coshI"(coshI” — cosh I“y)} 03,

with the case of free-pumping. Physically, this means that
1 the fluid is stationary if there are no peristaltic waves.
P22(£1) = $Z¢’i(i 1), (52) I this case we put (%)0 = 0 which means K = 0.
K1 Under this assumption we get a solutions of (38) —(41)
03(£1) = 5 F 30{(£ 1), (53) Intheform

where (') denotes the derivative with respect to y. ¢1(y) = Alsinhayy+BlsinhByy, (54)
These equations are sufficient to determine the solu- ¢ (y) = Alsinhoyy+Blsinhp,y, (55)

tion up to the second order in &. But these equations . .
are fourth-order ordinary differential equations with ¢3(y) = A3sinhoqy+B3sinhfiy,  (56)
variable coefficients, and the boundary conditions are ds(y) = —A2coshoy y—B2coshBy, (57)

not all homogeneous and the problem is no eigenvalue
problem. However, we can restrict our investigationto  where
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_ —pacosh By A2 = 2icon EAL,
Al= cosh o sinh B — By cosh By sinh oy’ 8)
04, C0Sh o SINAPL = P1 151NN 0 B2 — 2iaf1 EBL,

(60)

= 01.C0sh 0 (59) 2 2 2, R2
~ oy coshay sinh By — By cosh By sinh oy’ A3=(a”+of)EAL, B3=(a”+pi)EBL, (61)

I 4+ 202E —igR— VT? — o?R2 — 2ioRI'2 + 40’ 2E

= 2
ﬁl 2E ) (6 )
»  T'?4+20°E—iaR+ VT — 02R2 — 2iaRI2 + 4021 2E
o = ) (63)
2E
E_ (1—IO(W2)(1—|-IO(W1). 64)

(14 o?w?)

Next, in the expansion of y, we must only concern ourselves with the terms ¢, (y), as our aim is to determine
the mean flow only. Thus, the differential equations (43) - (46) subjected to the boundary condition (47), under
the assumption K = 0, give the expression

, _ cosh(I'y) — cosh(I'") cosh(T"y)
$0(y) =F(y) +2C1 T2 cosh(I') (D—F( ))W7 (65)
were
D=o)(£1) = —% [oZAlsinhoy + af?Al*sinh o + BZBLsinh By + B12B1*sinh B; ] , (66)
F(y) = sicosh(on + 1)y + s, cosh(ea — By )y + szcosh(og + Br)y + sscosh(og — Br)y (67)
+ sscosh(B1 + By)y + sscosh(B1 — B)y+ sy cosh(on + o )y + Sgcosh(au — o)y,
5 = 4((a1((j—1[;_i*§32f)— ) {Wl(al o®)ALB2* +iawy (0 + By ) (A3B1* — A1B3*) )
+wi (B2 — a®)A2BL* +ia (o — i) (R+ 202w — Wa (o + B7)?)AL Bl*} ;
G (Oilﬁ_lle)_ ] [wi(0F — a?)ALB2" — iows (04 — B) (A3 BL" — ALBS") -
+wy (B2 — d?)A2B1* —ia(on + B) (R+ 202w, +Wa (0 — Bi)2)AL Bl*] ,
5 = 4((a§f;)€11 7 [Wl(al — 0?)B2AL* +iawy (Br + o ) (B3 AL* — B1 A3*) )
+wi(Bf — a?)BLA2" +ia (B — o ) (R+20°Wo — o (0 + ﬁl)Z)BlAl*} :
&= 4((a§°ii<[;1)ﬁzl)_ ) [Wl(al 02)B2AL" +iowy (Br — o ) (B3AL* — BLA3Y) -
+wi(o? — BABLA2 +icu(of + Br) (R+ 207w, — Wa(of — ﬁl)Z)BlArﬂ :
S = 4(([31(6_1[;5?5)_ 7 [wl(ﬁ o?)B1B2* +iawy (B1 + B7 ) (B3BL* — B1B3*) )

Fwi(Bi? — o?)B2BL* — By — Bi) (R+ 2025 — Wy (By + B )?)BL 51*} ,



270 M. H. Haroun - Magnetohydrodynamic Flow due to Peristaltic Transport of an Oldroyd 3-Constant Fluid

S = 4((Bf § ,}1?21)_ ) [wi (B2 — 0?)B1B2" — icowy (B — B;) (B3BL" — B1B3") -
+wy(0? — B{?)B2BL — iax(By + By (R+ 20°W, — wa By — B;)2)BLBL,
5 = 4((06504?02‘;‘21)_ ) {Wl(af — a?)ALA2" +iowy (o + 0 ) (ASAL" — ALA3") ”
Fwi (g2 — ) A2 ALY — (o — o) (R+202wp — Wy (0 + al)Z)AlAl*} :
— 4((061(011;;‘;‘20_ ) [Wl(af — 0?)ALA2* +iowy (0 — 0 ) (A3SAL* — ALA3*) 5

+wi(o? — a2)A2AL" —ia(on + 0 ) (R+ 202Ws — Wy (0 — af)z)AlAl*} .

Thus, we see that one constant, C1, remains arbitrary
in the solution. Substituting (23) - (27) into (10), and
time-averaging the equation of second-order of & with
the assumption K = 0, we find

Cl= R(a—p> .

ox/,

Also, the mean time-averaged velocity may be writ-
ten as

(76)

2 2
a1~ 9= o 0-ri0) 25

+ﬂ? @ coshI'y—coshI” }
rz\ox/, coshI” ’

Note that, if we put the magnetic parameter M and the
Weissenberg numbers wy and w, equal to zero, then
the results of the problem reduce exactly to the same
as that found by Fung and Yih [17] for a Newtonian
fluid.

(77)

4. Numerical Results and Discussion

In order to observe the quantitative effects of various
parameters involved in the analysis, the mean-velocity
at the boundaries of the channel, the time-averaged
mean axial-velocity distribution and the reversal flow
are calculated for various values of these parame-
ters in the free pumping case. Numerical calculations
based on (77) show that the mean axial-velocity of
the fluid due to peristaltic motion is dominated by the

constant D and the term % (%)2 (W)

In addition to these terms, there is a perturbation

term F(y) — F(1) CC%S;((‘}%) , which controls the direction

of the peristaltic mean flow across the cross-section.
The constant D, which initially arose from the non-
slip condition of the axial-velocity on the wall, is due
to the value of ¢4, (y) at the boundary and is related
to the mean-velocity at the boundaries of the channel
by u(+1) = 82—2¢>§0(j:1) = 'SZ—ZD. Figures 2 and 3 rep-
resent the variation of D with the wave number o for
various values of the magnetic parameter M and the
Weissenberg number wi. The numerical results indi-
cate that D decreases with increasing wy and increases
with increasing M and o. Yin and Fung [23] defined a
flow reflux whenever there is a negative mean-velocity
in the flow field. Then, according to (77), the criti-

dp

cal reflux condition is given by (&)zmticm ol =

2
ar—cosiryy (F (1) —F(0) cosh(I") — D), and the reflux

9p 9 :
occurs when (ax>2 > (ax>20ritical reflux Figures 4

and 5 represent the variation of ( ax> » critical reflux

with o for various values of M and wj. The results

reveal that (ﬁ) ” decreases with increas-
ox ) 2 critical reflux

ing M and w;. The effects of M and w; on the mean-
velocity and reversal flow are displayed in Figs. 6
and 7. The results reveal that the reversal flow increases
with increasing M and wj. Similar results were ob-
tained for the Weissenberg number w, and are not pre-
sented here. The analysis shows that the zeroth-order
solution has been found to be identical to that for New-
tonian behavior. At this order, it is found that the Weis-
senberg numbers only contribute to Syg. Higher-order
solutions have been studied to reveal the effects of
non-Newtonian behavior on peristaltic waves. The re-
sults indicate that the second-order solution depends
strongly on the Weissenberg numbers.
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